
ib-IC(0,tol) CG

( )

( � )
�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.1/27



1.

� � �

2.

�

IC

� ��

3. Inverse-based IC : ib-IC(0)

4.

� � � �

ib-IC(0,tol)

5.

6.

� �

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.2/27



� � Ax = b

� � � � � � � � � �
A�

A = (ai,j) ∈ Rn×n� � � 	
x ∈ Rn� � � 	

b ∈ Rn

� � �

�

IC

� � M = UTU(≈ A)
� 
� �

M−1

� � � � � �

� � �

IC(tol)

� � � � � ���

� �� � � � � � � � � � � � ��� � � � � � �� �

�� �
� �� �

� �� � �� � �� � �� � �
� � � � � ! � � " � � # � � $ � � % � � & � � ' � � ( � � ) � ! � � ! ! � ! " � ! # � ! $ � ! %*

+,+-. /+0
1 2 34 5

6 7 8 � 9 6 7 8 �;: * 9<=?> 6 7 8 �: * 9�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.3/27



1.

� 
�

Crout ILU (ILUC�

)

� � U−1

�

X

� �

� � � � � � ��� � �� � �

2. Inverse-based

��� � �� � � 


3.

� � �� ib-IC

� � 
� 	 � �

� �

ib-IC(0,tol)
� � 


4. ib-IC(0,tol) 	 � �  � �

� � � � � � � 

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.4/27



IC -1

1.

� �

CG

� � � � �

Ax = b
�

(U−TAU−1)(Ux) = U−Tb(1)

� 
� � � � � U−TAU−1 �

2. A

� � �
Ū

� �

UT = ŪT + X̃T , U = Ū + X̃(2)

U−T = Ū−T +XT , U−1 = Ū−1 +X.(3)

3.

�

U−TAU−1

U−TAU−1 = I + ŪX +XT ŪT +XTAX.(4)

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.5/27



IC -2

1.

� � �� (4)

�

(2)

� 


X̃

�

� � � � � � � �

2.


 � � � � �

U

�

X̃

� � �

U−1

�

X

� � � � � � �

3. (4)

�� � 


U−1

�

X

� �

� � � � � �

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.6/27



IC -3

1.

�

IC

�

ib_IC

� � � �

� � �� � � � � � � � � �

U

�

X̃

� ��� � ��
U−1

�

X

IC U ≡ Ū + X̃, U = Ū + X̃

U−1 = Ū−1 + X

ib_IC U−1 = Ū−1 + X

2. UT = (uj,i)

�

L = (li,j)

� �� �

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.7/27



Inverse-based IC
1. Lk

�� 1

�

k

� � �

L

�

1
�

k� � � � � k + 1

�

n

� � �

ai,i (1 ≤ i ≤ n)� � � � �
2. ai,i A

�

i

� � 
�� �� � � � � �
Lk =

































l1,1 0 · · · · · · · · · · · · 0

l2,1

. . .
. . .

...
...

... lk,k

. . .
...

...
...

... ak+1,k+1

. . .
...

...
...

... 0
. . .

. . .
...

...
...

...
...

. . .
. . . 0

ln,1 · · · ln,k 0 · · · 0 an,n

































.(5)
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� �

ib-IC(0,tol)

 ��� �
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L−1
k -1

1. L

�

k

� � � � �� � ���

lj,k (j > k)� � � �

2. Lk

� � � � � �� � 
� � � 	

ei (1 ≤ i ≤ n) i

�

1

�� i
� ��

0

�

� � 	 � � �

Lk = L̄k − lj,keje
T
k .(6)

3. j > k

� �� L̄kej = aj,jej
� � � � � � ��

Lk = L̄k − lj,keje
T
k = L̄k(I − lj,keje

T
k /aj,j)(7)

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.9/27



L−1
k -2

1. (7)

� �� L−1

k

� � � � � � �� �
L−1

k
= (I − lj,keje

T
k /aj,j)

−1L̄−1

k

≈ L̄−1

k
+ lj,keje

T
k L̄

−1

k
/aj,j .(8)

2. Lk

�

L−1

k
lj,k/aj,j

�
L̄−1

k

�

k

� � �

� � � � �
3. ||lj,keje

T
k L̄

−1

k /aj,j ||∞ = |lj,k/aj,j | ||eje
T
k L̄

−1

k ||∞

� ��� � �

� � � � � 
 �
4.

� � � � L−1

k

�

k

� � � �

� � � � � � � � � �
�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.10/27



A

1. ||A||∞ A

� � � ��

||A||∞ = max
x6=0

||Ax||∞
||x||∞

= max
i

n
∑

j=1

|ai,j |(9)

� � � �

2. ||eje
T
k L̄

−1

k ||∞

�� �

0

� � � � � 	

b� �� � � � � � � �� �

||eje
T
k L̄

−1

k ||∞ = max
b 6=0

||eje
T
k L̄

−1b||∞
||b||∞

.(10)

�� � � � ��� �	 
� �

ib-IC(0,tol)
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b -1
1.


 � � � ||eje
T
k L̄

−1||∞

� � � � (10)� � � � � 	

b(6= 0)

� � � �

2.

� � �

(9)

� �� � i = m
� � ��

n
∑

j=1

|ai,j |(11)

� � �� � � � � 	

x

�

j �

xj = sign(am,j), (j = 1, 2, . . . , n)(12)

� � � � � � �� �

3.


� sign

sign(t) = +1 (t ≥ 0), sign(t) = −1 (t < 0)(13)

�� � � � ��� �	 
� �

ib-IC(0,tol)
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b -2
1. (10)

� � L̄−1

� � � � � �

� � � � 	

b

� � � � � ��

b = (−b1,−b2, . . . ,−bn)T ,

(b1, b2, . . . , bn = ±1)(14)

� �� ||eje
T
k L̄

−1b||∞

� � �� � � � � � 	

b

� � � � � �
2.

� � � � � � � � � � �� �

� � � � � � � � � � � � 	

b

�

� �

+1 -1
� � � � � � � �

3.

� � � � � � � �

( ) � � � � � � � �

2002.

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���
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b -3
1.

� � 	

b

� � � � � �
||eje

T
k L̄

−1||∞ ≈
||eje

T
k L̄

−1b||∞
||b||∞

.(15)

2. (14)

� � L̄ξ = b

�

ξ
�

k

� � ��� � 	

ξ

�

k ξk � � � � � 	

b

�

k

� �� � � � � � ξk =
(ξ1, ξ2, . . . , ξk, 0, . . . , 0)

T , bk = (b1, b2, . . . , bk, 0, . . . , 0)
T

ξk = (bk − eT
k L̄k−1ξk−1)/lk,k.(16)

3.

�� ||eje
T
k L̄

−1||∞

� � � � � �  �

� � � ξk
�

νk

� ||eje
T
k L̄

−1||∞

�

eT
k L̄k−1ξk−1

�

� �

�� � � � ��� �	 
� �

ib-IC(0,tol)
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CG
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||eje
T
k L̄

−1||∞

set ξ1 = 1/l1,1; νi = 0 (i = 1, . . . n)

for k = 2, n

temp+ = 1 − νk

temp− = −1 − νk

if |temp+| > |temp−| then

ξk = temp+/lk,k

else

ξk = temp−/lk,k

end if

for j = k + 1, n (lj,k 6= 0)

νj = νj + ξklj,k

end for

end for.

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.15/27



Inverse-based

1. Inverse-based

��� � �� � � � ���
lj,k

�


� �

|lj,k/aj,j |||eje
T
k L̄

−1||∞ = |lj,k||ξk|/|aj,j | ≤ τ(17)

� � � � � 
� � � � �
τ

� � �

2.

�

U

� �
P

� � � � � �

P = {(i, j) | (|a∗i,j ||ξk|)/(|aj,j |
√

ai,i) ≤ τ}.(18)

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �
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� � ���
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ib-IC(0,tol) �

1. A

� � � �� �

:
φ ≡ {(j, k) | aj,k = 0}.

2. L

� � ��� � �� � � �
:

ψ ≡ {(j, k) | |a∗j,k|/
√

(aj,j)(ak,k) ≤ τ}

3. L

�

Inverse-based

��� � �� � � �

:
ψib ≡ {(j, k) | |a∗j,k||ξk|/(|aj,j |

√

ak,k) ≤ τ}.

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���
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3 IC(0)

��� � ��

IC(0) - uj,k ∈ φ

IC(0, τ) U = Ū + X̃. uj,k ∈ (φ ∪ ψ)

ib_IC (0, τ) U−1 = Ū−1 +X. uj,k ∈ (φ ∪ ψib)

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���
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1. Pentium4 (

� � � �

3.8GHz)

� 


PC

2.

� � �

Fortran90

� �

� ��� �

-O3

3.

�

CG

�

4. IC(0)_s, WIC(0)_s, IC(0), IC(0,τ ), ib_IC(0,τ )�

5

5. IC(0)_s

� � � WIC(0)_s

� �

� � � � � � � � �

6. A

�
1

� �

7. CG

�

x0

��

0

8.
� � 	

l2

� �

:||rk||2/||r0||2 ≤ 10−8

9. τ � 0.005

�

0.15

� �

0.005

�

30

�

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.19/27



SuperP10 115,248 1,592,277 13.8
(

� � ��� )
SuperP40 417,524 6,053,860 14.5

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.20/27



SuperP10:

�
� �

� �
� �

� �
� � �

� � �
� � �

� � �
���
� � ��
� 	 ��
� 
 ��
� � ��
� � ��
�  ��
� � ��
� � ��
� � ��
� � ��
	 � ��
	 	 ��
	 
 ��
	 � ��
	 � ��
	 

�

��
��

� �
��

� �
��

�

� �  � ! � �  �#" � ! $%'
&

� �  � " � !

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.21/27



SuperP10:

�
� �

� �
� �

� �
� �

� �
�	�

� � ��
� 
 ��
� � ��
� � �	�
�  ��
� � ��
� � ��
� � �	�
� � ��
� � ��

 � ��

 
 ��

 � ��

 � ��

  ��

 �

�

����
� �

� �
�

� �

� � � �  � � � �"! �  #$&
%

� � � �! �  

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���
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SuperP10

τ U

�

pre- CG

� �


IC(0)_s - - - - - -
WIC(0)_s - - 5185 0.02 132.9 132.9 24.8

IC(0) - 1.59M 2912 14.7 72.7 87.5 51.3
IC(0,τ ) .025 .94M 2844 0.20 57.1 57.3 41.4

.090 .64M 8476 0.13 150.8 150.9 36.9
ib_IC(0,τ ) .020 1.05M 2873 0.37 60.4 60.8 43.2

.145 .87M 3925 0.18 77.6 77.8 40.4

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���
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SuperP40:

�

� � � �

� � � �

� � � �

� � � �

� � � �

� � � �
�	�

� � ��
� 
 ��
� � ��
� � ��
�  ��
� � ��
� � ��
� � ��
� � ��
� � ��

 � ��

 
 �	�

 � ��

 � ��

  ��

 �

�

��
��

� �
��

� �
��

�

�  ! � " �  ! �$# � " %&(
'

�  ! �$# � "

�� � � � ��� �	 
� �

ib-IC(0,tol)
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SuperP40:

�
� �

� � �
� � �

� � �
� � �

���
� � ��
� � ��
� � ��
� 	 ��
� 
 ��
� � ��
� � ��
�  ��
� � ��
� � ��
� � ��
� � ��
� � ��
� 	 ��
� 
 ��
� �

�

����
� �

� �
�

� �

� � � � � � � � ��� � �  !#
"

� � � � � � �

�� � � � ��� �	 
� �

ib-IC(0,tol)
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CG
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SuperP40

�

τ U

�

pre- CG

��

� � � � � �

IC(0)_s - - - - - -

WIC(0)_s - - 25885 0.07 2579.8 2579.9 93.1

IC(0) - 6.05M 11629 80.7 1131.5 1212.3 193.5

IC(0,τ ) .010 3.64M 11429 0.93 896.9 897.9 156.7

.090 2.37M 75927 0.49 5189.9 5190.4 137.4

ib_IC(0,τ ) .025 3.87M 11587 1.24 927.2 928.4 160.2

.145 3.30M 16024 0.70 1211.2 1211.9 151.6

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���
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1. U−T

� � � � � � � � � � � � ��

� � �

ib_IC

� 
 �
2.

� � � �

ib-IC(0,tol)

�

3. ib_IC(0,τ ) CG

� � � ��� � ��

� �

IC(0) IC(0,τ ) CG

� 
� �

(a)

��

(b)

� �  � ��
(c)

� �

� � � �

�� � � � ��� �	 
� �

ib-IC(0,tol)

 ��� �

CG

� � ���

– p.27/27
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